A general scalar-tensor theory can be formulated in different parametrizations that are related by a conformal rescaling of the metric and a scalar field redefinition. We compare formulations of slow-roll regimes in the Einstein and Jordan frames using quantities that are invariant under the conformal rescaling of the metric and transform as scalar functions under the reparametrization of the scalar field. By comparing spectral indices, calculated up to second order, we find that the frames are equivalent up to this order, due to the underlying assumptions.
Introduction
The phase of accelerated expansion in the early universe called inflationary epoch was originally motivated to solve the problems of homogeneity and isotropy, as well as to explain why one does not observe any cosmic relics [1] [2] [3] . The epoch of accelerated expansion can be realized by a scalar field minimally coupled to gravity in the framework of general relativity, provided that the potential of the scalar field dominates over its kinetic energy [4] [5] [6] . This is achieved in the so-called slow-roll regime, where one imposes slow-roll conditions for the scalar field or flatness conditions for the potential [7] . In the slow-roll regime the expansion rate is almost exponential and this can explain the nearly scale-invariant spectrum of quantum fluctuations of the scalar field produced during inflation [6] .
The scenario of the slow-roll inflation with a minimally coupled scalar field can in general be conformed to observations. However, it has problems giving rise to criticism [8] , and the Planck mission measurements of cosmic microwave radiation disfavour the simplest model of inflation with a minimally coupled scalar field [9] . The Planck mission results [9] seem to favour quantities which are invariant under the conformal rescaling of the metric and transform as scalar functions under the reparametrization of the scalar field. In section 3 we introduce slow-roll conditions in the invariant Einstein and Jordan frames and discuss their correspondence. In section 4 we consider the frame-(in)dependence of spectral indices up to second order in slow-roll parameters. In section 5 we conclude with a brief summary and outlook. Finally, in appendices A and B we present invariants and slow-roll parameters in different parametrizations.
General theory

General action functional
Minimally coupled theory
The action functional for gravity g µν , a minimally coupled scalar field φ and matter fields χ can be written as
Here G N is Newton's gravitational constant, the determinant of the metric g µν is g, whereas R denotes the Ricci scalar with respect to the Levi-Civita connection ∇, V(φ) is the dimensionless scalar potential and S m stands for the action functional for the matter fields χ. The positive constant parameter ℓ has a dimension of length. For describing inflation in this framework one usually assumes S m = 0 and the scalar field is in the role of matter. Leaving out the matter part of the action does not cause any problems, since the metric in the Ricci scalar and the metric in the action S m are the same.
Non-minimally coupled theory
Let us consider the general action functional for a scalar-tensor theory of gravity [38] S = 1 2κ 2
which contains four arbitrary dimensionless functions of the dimensionless scalar field Φ: A(Φ), B(Φ), V(Φ) and α(Φ). The constant κ 2 has a dimension of Newton's constant G N . By considering the conformal transformation of the metric and the scalar field redefinition
Φ =f (Φ)
one can fix two functional degrees of freedom out of the four functions {A, B, V, α}. Fixing any two functional degrees of freedom out of four in a particular manner is called choosing a parametrization. A conformal rescaling of the metric is referred to as a change of frame and a scalar field redefinition is called a reparametrization of the scalar field.
Under the transformations (3a)-(3b) the action functional (2) preserves its structure up to the boundary term if the functions of the scalar field transform accordingly [38, 39] :
B(Φ) = e 2γ(Φ)
α(Φ) = α f (Φ) +γ(Φ) .
Here the prime denotes derivative with respect to the argument, e.g. for a barred quantitȳ γ ′ ≡ dγ(Φ)/dΦ, and for a quantity without a bar A ′ ≡ dA(Φ)/dΦ.
Invariants
Scalar invariants
By a straightforward calculation one can verify that quantities [34, 40] I 1 (Φ) ≡ e
2α(Φ)
A(Φ) ,
are invariant under a local rescaling of the metric and transform as scalar functions under a redefinition of the scalar field due to transformation properties (4a)-(4d) of the arbitrary functions {A, B, V, α}. The numerical values of quantities (5a)-(5b) in a spacetime point are invariant under transformations (3a)-(3b) and therefore we shall refer to these quantities as invariants [34, 40] . The quantities (5a)-(5b) allow us to characterize a theory under consideration in an invariant manner. Namely, if I 1 is a dynamical function, then the theory possesses non-minimal coupling. A dynamical I 2 describes non-trivial self-interactions of the scalar field, while I 2 being (possibly vanishing) constant states that the equation of motion for the scalar field does not depend on the potential V. The third invariant I 3 can only be constant if the scalar field is not a propagating degree of freedom. The integrand √ F dΦ can be interpreted as an invariant volume form in the 1-dimensional space of the scalar field. This fact reveals itself more evidently if a theory with several scalar fields is considered [41] . Hence one can also consider I 3 as an invariant length in the 1-dimensional space of the scalar field (cf. footnote 3 in [38] ).
In addition to the three basic invariants (5a)-(5b) with particular meaning one can construct infinitely many others by making use of three procedures [34, 40] : i) forming arbitrary functions of invariants; ii) introducing quotient of derivatives
As an example of the first rule, let us define
Via the second rule, one can make an invariant statement whether a given invariant is dynamical or not. For example, if
is identically equal to zero, then we have a minimal coupling. Hence I 5 measures the "strength" of a non-minimal coupling in an invariant manner. Note also that in the case of the vanishing potential V of the scalar field this quantity is central in the parametrized post-Newtonian approximation [34] and, from field theoretical viewpoint, a (field-dependent) coupling "constant" of a scalar interaction mediating between two material bodies [42] .
Tensorial invariants
In addition to scalar invariants we can use the particular transformation properties (4a)-(4d) of the arbitrary functions {A, B, V, α} to define an invariant metric [24, 34, 36, 40] g µν ≡ A(Φ)g µν .
Due to the fact that a local rescaling of the metric (3a) and a redefinition of the scalar field (3b) in principle have nothing to do with coordinate transformations, we conclude that derivatives of the metricĝ µν w.r.t. a spacetime point are invariants in the previous sense as well. Hence, based on the tensor (8), we can construct an arbitrary geometrical object, such that it is manifestly invariant under the transformations (3a)-(3b). However, let us point out that the choice of the invariant metric is not unique. Namely, multiplying the tensor (8) by a scalar invariant does not change its transformation properties. For example [38] ,
also remains invariant under the transformations (3a)-(3b). Note that the matter fields χ couple to the latter invariant metricḡ µν and hence one could consider this to be the invariant Jordan frame metric, which in the Jordan frame (α ≡ 0) functionally coincides with the ordinary metric. Analogously, if one calculates the Ricci tensor for the former invariant metric (8) , then in the action (2) the coupling A(Φ) could be absorbed into the definition ofR [ĝ µν ]. Therefore, it is natural to refer toĝ µν as the invariant Einstein frame metric, which in the Einstein frame (A ≡ 1) coincides with the ordinary metric. In what follows, we shall drop the prefix invariant, because without foreknowledge about the transformation properties one cannot determine whether a given metric in these frames is invariant under (3a)-(3b) or not. Indeed, even the relation (9) between the two invariant metrics can be seen as an ordinary conformal transformation between the Jordan and Einstein frame [40] . Nevertheless, we shall use the invariant formulation, which explicitly contains all four arbitrary functions {A, B, V, α}, in order to facilitate easy comparison of different parametrizations.
Equations of motion on a FLRW background
Invariants in FLRW cosmology
In the current paper we shall consider the equations of motion on a flat FLRW background, where the line element is given by
Due to homogeneity and isotropy assumptions underlying the FLRW cosmology, the scalar field and the invariants introduced in subsection 2.2 may only depend on the cosmological time, i.e.
It is straightforward to put the invariant metricĝ µν (8) also in a FLRW form by performing the following coordinate transformation and scale factor redefinition
Note thatâ 2 is in principle the so-called Lorenz-Petzold variable [43] . An analogous transformation, namely
takes the invariant metric (9) to the FLRW form as well, but now with a different time parameter. The invariants preserve their numerical value under the conformal transformation (3a) and scalar field reparametrization (3b) for particular values of the coordinates, if these do not change. However, for FLRW cosmology, it is well known that in order to avoid introducing a lapse function, each conformal transformation is followed by a time rescaling. The latter causes the invariants to transform as scalar functions and hence their numerical value for a particular value of the cosmological time is not preserved, i.e.
In order to avoid confusion, one may consider the invariants to be functions of the conformal time dτ ≡ dt/a, because it is manifestly invariant.
Einstein frame equations
Varying the action (2) with respect to the metric and the scalar field yields equations of motion which can be specified for the FLRW background (10) . The Hubble parameterĤ calculated in terms of the invariant metricĝ µν (8) and the Hubble parameter H calculated in the frame defined by g µν (10) are related bŷ
Field equations in terms of invariants (5a)- (7) and cosmological time coordinatet (11) read
represent the invariant energy density and pressure for the matter content, respectively. For more details on the form of field equations in the general parametrization and their transformation properties consider [34, 35] .
Jordan frame equations
Let us rewrite the system (15a)-(15c) using the invariant metricḡ µν = e 2α g µν (9) . Note thatḡ µν is the metric which couples to matter in the action functional (2) . If the frame is specified as the Jordan one, α = 0, then it coincides with the ordinary Jordan frame and hence trajectories of free particles are geodesics. If specified as the Einstein frame, A = 1, α = 0, equations of motion of free particles obtain a force term on r.h.s. determined by the scalar field. Hence the invariant Jordan frame incorporates Einstein and Jordan frames in their familiar forms. Chiba and Yamaguchi [23] studied in detail relations between cosmological observables in Jordan and Einstein frames and presented a Jordan-Einstein dictionary. All this information is encoded also in our invariant Jordan frame formalism.
Some authors refer to the Jordan frame as a frame where the Ricci scalar is multiplied by a dynamical function of the scalar field (dynamical A), and do not explicitly require the minimal coupling to matter fields, e.g. [39] . Then one can speak of making conformal transformations between Jordan frames, whereas by our definition, the Jordan frame is uniquely fixed as the frame where matter is minimally coupled. In the latter case there exist still different parametrizations for the Jordan frame since one can redefine the scalar field.
Similarly to (11) we can put the invariant metricḡ µν in a FLRW form by performing the coordinate transformation and the scale factor redefinition as in (12) . We can define the Hubble parameterH that corresponds to the invariant metricḡ µν bȳ
We have introduced three different Hubble parameters, H,Ĥ,H. It is often claimed that the observable Hubble parameter belongs to the ordinary Jordan frame which coincides with the invariant Jordan frame upon suitable specification of the two functional degrees of freedom. Accordingly, the relevant information about observables is contained inH. In [23] it was demonstrated that the measurable Hubble parameter in the Einstein frame H E should simply be defined by H E = √ I 1H . Comparing with (16) we see that H E is not equal toĤ, that is a quantity defined by the FLRW metric in the Einstein frame, and the latter one is declared to be non-measurable.
Using (12) and (16) it is straightforward to recast the system (15a)-(15c) in the following form:
denote the invariant energy density and pressure for the matter content that correspond to those quantities in the Jordan frame, respectively. The invariantH (16) represents the Hubble parameter andt (12) denotes the time coordinate in the Jordan frame for the FLRW background. Thus one can claim that (17a)-(17c) are in the same form as the field equations in the Jordan frame. Note that both I 3 and I 1 are differentiated w.r.t. time coordinate and hence the scalar field is unspecified. This does not concern us, because we are interested in the behaviour of the Hubble parameterH. Details about invariants in different parametrizations are presented in table A.1 in appendix A.
3 Slow-roll 3.1 Slow-roll in the minimally coupled theory [6] Let us consider the theory given by the action (1) and assume the FLRW metric (10) . A common requirement for inflation is that the potential dominates over the kinetic term V(φ) ≫φ
The qualitative description is realized through the dimensionless Hubble slow-roll (HSR) parameters usually defined as
The condition ǫ H ≪ 1 implies that expansion is nearly de Sitter like, and η H ≪ 1 guarantees sufficient duration of inflation. One can define also the potential slow-roll (PSR) parameters ǫ V and η V as follows
The equality in (19a) follows directly from equations of motion. For (19b) further manipulation of the equations is used and the exact correspondence is given in [7] . In the approximated equalities, only linear terms in HSR parameters are kept and the result is of the first order. In order to characterize the evolution of primordial perturbations, one may introduce the scalar tilt n S , tensor tilt n T and tensor-to-scalar ratio r [6] , which can be expressed to first order in terms of the slow-roll parameters (18) 
Slow-roll in the Einstein frame
In order to study slow-roll in a general scalar-tensor theory, let us first consider the system (15a)-(15c) without matter termsĤ
This system, written down in terms of invariants, is formally the same as the one in the canonical Einstein frame with I 2 in the role of the potential and I 3 in the role of the scalar field, and if we choose to work within the ordinary Einstein frame, then all terms reduce to the corresponding ones without any mixing [40] . Note that from the viewpoint of transformation properties, neglecting matter is a covariant procedure w.r.t. the conformal transformation (3a) and scalar field redefinition (3b), because the energy-momentum tensor itself only gains a finite multiplier under these transformations. Due to neglecting matter, the equations in the Einstein frame are in the same form as the equations in general relativity with a minimally coupled scalar field. Based on this well-known fact, we start by generalizing the results obtained in the minimal case to the non-minimal case in a straightforward manner, i.e. we impose the standard slow-roll conditions for the invariant quantities in (21a)-(21c) [7] . Let us define the following invariant parameters for the HSR [7] 
The condition for accelerated expansion in the Einstein frame reads preciselyǫ 0 < 1. While considering slow-roll inflation we shall assumeǫ 0 ≪ 1, which states that the expansion rate in the Einstein frame is almost exponential. By making use of recursive prescription analogously to [26, 30] , let us additionally define invariant parameterŝ
Using the definitions (22) and (23a) we can write the system (21a)-(21c) in the following form
Slow-roll inflation corresponds to
and considering this regime the system (24a)-(24c) can be approximated as
Due to the equality in (24b) the slow-roll conditions (25) are essentially defined in terms of the derivatives of the Hubble parameter. Via straightforward manipulations we can use the approximated system (26) in order to rephrase the conditions (25) in terms of the derivatives of the invariant potential I 2 and obtain relations between PSR and HSR parameters up to first order in slow-roll parameterŝ
For second order correspondence see (82a)-(82b). One might conclude that the slow-roll regime is formally defined in exactly the same way as in the case of the standard minimal slow-roll. However, note that the (spacetime independent) units are defined w.r.t. geometryĝ µν (cf. with the final part of subsection 2.2 in [38] ). Let us suppose that one wants to use the units defined via the matter fields instead. Then, in the spirit of Dicke [21] , one should also take into account that for a non-minimally coupled theory in the Einstein frame these units are spacetime point dependent, despite the fact that we are using the invariant metric and dropped the matter fields. This is due to the fact that the metricḡ µν (9) , to which the matter fields should couple, is also invariant and related to the geometrical oneĝ µν via a conformal transformation (9) . Hence, in the case of the "matter" units, slow-roll in the Einstein frame could be induced by a suitable time dependence of these units. In order to avoid this one should introduce extra conditions. Let us definê
where we used the definition (7) for I 5 . Imposing the conditions
leads to slow-roll w.r.t. the "matter" units as well. In the case of a minimally coupled scalar field (I 5 ≡ 0) these extra conditions are manifestly fulfilled as they should.
Notice that we defined slow-roll in the Einstein frame by imposing conditions (25) . In order to have this regime sustained for sufficiently long one should have |κ i | ≪ 1 as well for the parameters defined in (23b). These parameters appear if we take higher time derivatives of the system (24a)-(24c) and they form a so-called slow-roll hierarchy [7] . They are needed for obtaining higher-order results in slow-roll parameters. Similar situation applies for slow-roll w.r.t. the "matter" units, where in addition to (29) one imposes |λ i | ≪ 1 for the parameters defined in (28c).
In the literature occasionally some invariant metric, often constructed on dimensional grounds, is used to make invariant claims [24, 36] . However, let us point out that there is an ambiguity in the choice of the invariant metric which spoils the possibility to solve problems easily.
Slow-roll in the Jordan frame
Similarly to the Einstein frame we can define the invariant parameters
Now the condition for inflation in the Jordan frame readsǭ 0 < 1 and to obtain almost exponential expansion rate one restrictsǭ 0 ≪ 1. For slow-roll in the Jordan frame we define similarly to (23a)-(23b) the following invariant parameters
Let us additionally define invariant parameters
which, as in the case of the Einstein frame, measure the non-minimal coupling (see also [26, 28, 29, 33] ). Using the definitions (30)-(32c) we can recast the system (17a)-(17c) without matter in the following form
By imposing
it follows from (33b) that |ǭ 0 | ≪ 1. In this regime the system (33a)-(33c) can be approximated as
Let us point out that via such an approach, if we do not distinguish betweenĤ andH, the approximate equations (35) of the system (33a)-(33c) are almost the same as the equations (26), which approximate the system (24a)-(24c) in the Einstein frame, while the distinguishing multiplier I 1 is due to the change of units. Analogously to the Einstein frame correspondence (27) , one can use the approximated system (35) in order to write the slow-roll parameters up to first order via the invariant potential I 2 and its derivatives as
Note that the correspondence between HSR and PSR parameters is formally the same as in the Einstein frame (27) , and that the definitions of the PSR parameters are identical in both frames. In the Jordan frame the parametersκ i are not identical toǭ i , due to additional terms in the acceleration equation (33b) that are not present in the corresponding equation (24b), written down in the Einstein frame (ǫ i =κ i ). These extra terms vanish, if the scalar field is minimally coupled, i.e. I 5 ≡ 0, and for the latter case indeed in the Jordan frame we also have pure Hubble slow-roll, which is consistent with the fact that for a minimally coupled scalar field these two frames coincide.
Relation between the slow-roll parameters in different frames
Let us compare the formulations of the slow-roll regimes in the Einstein and Jordan frames. First, note that imposing (34) does not yet determine the sign ofǭ 0 . Ifǭ 0 < 0 we get deceleration or super-inflation in the Jordan frame [44] . However, it follows from (21b) that these phenomena are not possible in the Einstein frame. Secondly, notice that in the Einstein frame to obtain |ǫ 0 | ≪ 1 requires |κ 0 | ≪ 1, whereas in the Jordan frame to obtain |ǭ 0 | ≪ 1 does not necessarily require the conditions (34) to be satisfied. This can be seen from (33b), where it is at least theoretically possible that the special combination on the r.h.s. makes the l.h.s. small compared to each individual term on the r.h.s. Similarly, in the Einstein frame the approximations (26) require the conditions (25) to be satisfied, whereas in the Jordan frame it could be the case that the approximations (35) hold, but the conditions (34) do not. For the leading order slow-roll approximation in the Einstein frame we introduced two slow-roll conditions (25) , whereas in the Jordan frame we introduced four slow-roll conditions (34) . Let us investigate whether the conditions in the Jordan frame (34) imply the conditions in the Einstein frame (25) . After a straightforward calculation we can express the Einstein frame parameters in terms of the Jordan frame parameters and vice versa:
From these expressions we deduce that the slow-roll conditions in the Jordan frame (34) imply the slow-roll conditions in the Einstein frame (25) . The converse does not hold: we cannot deduce from the two conditions (25) that the four conditions (34) hold. However, we have defined parametersλ 0 andλ 1 (28a)-(28b) similarly to (32a)-(32b), and a straightforward calculation yields that these parameters are related by
If additionally to the two slow-roll conditions (25) in the Einstein frame the conditions (29) are satisfied, then the slow-roll conditions (34) in the Jordan frame follow. Conversely, if the slow-roll conditions (34) in the Jordan frame hold, we have (25) and (29) satisfied. The discussion above can be understood more easily, if we explicitly write down how the parametersǭ 0 andǫ 0 , which define the inflationary regimes in different frames, are related:
The slow-roll in the Einstein frame yieldsǫ 0 ≪ 1, and it follows from the last expression that in order to obtain |ǭ 0 | ≪ 1 we need to further impose (29) , which, however, does not generally guarantee that |ǭ 0 | andǫ 0 are of the same order of magnitude. From (39) it is clear that the condition O(|ǭ 0 |) = O(ǫ 0 ) holds, if one assumes thatǫ 0 andλ 0 are of the same order of magnitude. Due to the equality in (24b) this assumption just yields thatκ 0 andλ 0 are of the same order of magnitude. These parameters are related asλ 2 0 = I 5κ0 , where the invariant I 5 defined in (7) represents the strength of the non-minimal coupling between the scalar field and gravity. In the case I 5 = 0 the scalar field is minimally coupled to gravity and we haveλ 0 = 0, which, if inserted into (39), will yieldǭ 0 =ǫ 0 as expected. By definition I 5 is nonnegative.
It is important to notice that in some parametrizations I 5 is bounded from above. As an example, if we consider the Jordan frame BEPS parametrization (see appendix A) and require that gravity is attractive, then I 5 cannot exceed the value of . We can summarize the discussion as follows: in order to obtainǭ 0 ≈ǫ 0 we need to assume that the parametersκ 0 andλ 0 are of the same order of magnitude. This is equivalent to the condition thatκ 0 andλ 0 are of the same order of magnitude. Now consider the second slow-roll parameter in the Einstein frame, namelyκ 1 . If we further assume that κ 1 andλ 0 are of the same order then we obtain thatκ 1 ≈κ 1 − 2λ 0λ1 . We can conclude that assuming
These conditions also imply that O(κ 0 ) = O(κ 0 ). Similar assumptions were made in [29] when expressing the extended slow-roll parameters formulated in the Jordan frame BEPS in terms of the standard slow-roll parameters.
We have discussed the relation betweenǭ 0 andǫ 0 , which are the HSR parameters. The slow-roll regime is sustained if these parameters remain small during the time scale given by the Hubble parameter. That motivates one to define the parameters
Demanding that the parametersǫ i remain small is essentially the standard slow-roll scenario in terms of derivatives of the Hubble parameter. Notice thatǫ 0 =κ 0 andǫ 1 =κ 1 , which illustrates that our formulation of the slow-roll regime in the Einstein frame (25) amounts to considering slow-roll in terms of derivatives of the Hubble parameter. Considering the slow-roll conditions in the Jordan frame (34) we see that they imply the smallness ofǭ 0 , however, it is unclear if they imply the smallness ofǭ 1 as well. Let us explore how the parametersǭ 1 andǫ 1 are related. Using (39) in a straightforward calculation yields
Now, imposing O(λ 0 ) = O(κ 0 ) = O(κ 1 ) = O(λ 1 ), as well as thatλ 2 is of order unity or higher order small, will indeed yield O(ǫ 1 ) = O(ǭ 1 ).
The role of matter
While deriving the conditions for slow-roll inflation in different frames we have completely neglected the matter fields. This assumption seems reasonable since the influence of matter is negligible in the inflationary regime. Recall that as mentioned after the system (21a)-(21c), from the viewpoint of transformation properties neglecting matter is a covariant procedure [35] . The general action functional (2) contains four arbitrary functions of the scalar field and one of them, α, represents the non-minimal coupling between the scalar field and the matter fields. So neglecting matter may discard one of the four functional degrees of freedom, in particular, if we fix the parametrization by leaving α arbitrary and then assume that matter is negligible.
The situation where we first fix α = 0 and then assume that matter is negligible, corresponds to the Jordan frame without matter, whereas the situation where we first fix the parametrization by leaving α arbitrary and then assume that matter is negligible, corresponds to the Einstein frame without matter. Thus we obtain that in the inflationary regime in the Jordan frame we have two functional degrees of freedom, whereas in the Einstein frame we have only one functional degree of freedom. Inflation in the Einstein frame can thus be described solely by the potential, whereas in the Jordan frame one has besides the potential an additional degree of freedom: a non-minimal coupling to gravity. Now we can clarify why the slow-roll regime in the Einstein frame does not imply the slow-roll regime in the Jordan frame. By neglecting matter in the Einstein frame we hide one functional degree of freedom and cannot transform the theory to the Jordan frame, since we have deleted the information about the coupling of the scalar field and the matter. Due to this argument, one cannot deduce from the slow-roll conditions in the Einstein frame the slow-roll conditions in the Jordan frame since the latter is unspecified. However, formulating the inflationary regime in the Jordan frame and neglecting matter does not induce problems in transforming the theory to the Einstein frame. This explains why we obtained that the slow-roll regime in the Jordan frame implies the slow-roll regime in the Einstein frame but not vice versa.
Spectral indices
The main motivation to consider slow-roll inflation is its ability to produce the curvature perturbation spectrum that seeds the structure formation and is measurable through the cosmic microwave background radiation. Working in the Einstein frame, one can readily use the expressions for the spectral indices calculated in the minimally coupled theory. Similar calculations have been carried out also in the Jordan frame [29, 32, 33] , giving identical results as in the Einstein frame, up to first order in slow-roll parameters. The apparent discrepancy between different frames already in first order arose probably due to the frame-dependent definition of the curvature perturbation used in earlier works [31, 32] . In [37] , a difference in second order was found. Here we repeat the calculation by making use of the scheme put forward in [45] and conclude that due to the underlying assumptions, the results in both frames coincide.
Invariant form of the Mukhanov-Sasaki equation
The Mukhanov-Sasaki equation describes the behaviour of linear curvature perturbations in a flat FLRW universe filled with a scalar field [46] . Following [26, 47] , it reads
where τ is the conformal time; k is the comoving wave number of the gauge invariant curvature perturbation R; v ≡ zR ≡ a √ Q R, where a is the scale factor and
Note that the definition of Q can be used in each parametrization, upon suitably specifying A and B.
Here we shall confirm explicitly the parametrization independence of the Mukhanov-Sasaki equation (42) discussed also in [44] . The comoving wave number k does not depend on the parametrization [47] as well as the gauge invariant curvature perturbation R [29, 48] . In order for (42) to be parametrization independent z should be an invariant. This is indeed the case since we can express
which is an invariant. Thus we conclude that the equation (42) is parametrization independent. This fact is compatible with the presumption that the spectral indices, calculated via the solutions of the Mukhanov-Sasaki equation, should not depend on the parametrization.
Calculating scalar spectral index
Einstein frame
Let us perform the calculation of the scalar spectral index in the Einstein frame following [45] .
in the Mukhanov-Sasaki equation (42) can be expanded in terms of the slow-roll parameters:
The conformal time is given by
Assuming thatǫ 0 ,κ 1 andκ 2 are small and change negligibly duringĤ
, one can treat the expression inside the brackets of (45) as a constant. Takingǫ 0 as a constant, the conformal time is given by
and the expression (45) reduces to
where the parameter ν reads
Under these assumptions the solution of (42) is given by [45] 
and the square root of the spectrum for the curvature perturbation at the horizon crossing k =âĤ readsP
We have from (49) to first order in slow-roll parameters
and (51) can be approximated
where b is the Euler-Mascheroni constant. The spectral indexn S is obtained by taking the logarithmic derivative of the spectrum at the horizon crossing:
A direct calculation up to second order in the slow-roll parameters yieldŝ
Jordan frame
Let us perform the calculation of the spectral index in the Jordan frame assuming slow-roll (34) in the Jordan frame. The term z
Here we have omitted the terms of second order in slow-roll parameters. Note that (56) and (45) are the same expressions just written using different variables. The conformal time is given by
Now assuming thatǭ 0 ,κ 1 ,κ 2 ,λ 0 ,λ 1 andλ 2 are small and change negligibly duringH
, one can treat the expression inside the brackets of (56) as a constant. Takingǭ 0 as a constant, the conformal time reads
and the expression (56) reduces to
where the parameter ν up to first order in slow-roll parameters is given by
Our ansatz for solving the Mukhanov-Sasaki equation is similar as in the case of the calculation in the Einstein frame, thus the solution of (42) is given by (50) . If we calculate the square root of the spectrum for the curvature perturbation at the horizon crossing in the Jordan frame k =āH we obtain
Using (60) we can approximatē
The spectral index in the Jordan framen S is obtained by taking the logarithmic derivative of the spectrum at the horizon crossing:
(63)
Let us compare this result with the calculation in the Einstein frame (55). Assuming the slow-roll regime in both frames, we can express the Einstein frame parameters in terms of the Jordan frame parameters via (37a) aŝ
where the first two approximations are up to second order and the third up to first order in slow-roll parameters. Plugging these expressions into (55) we obtain
Thus the scalar spectral indices calculated in different frames up to second order in slow-roll parameters coincide. Note that at a fixed moment the comoving wave number k at the horizon crossing is slightly different in different frames,āH =âĤ 1 +λ 0 . We have neglected this issue as it should not affect the second order results (66).
Calculating tensor spectral index
Einstein frame
The differential equation governing tensor perturbations can be recast in the Mukhanov-Sasaki form (42) , where now z ≡â, v ≡ zψ and ψ denotes the mode function for tensor perturbations.
It is easy to see that also in this case the form of the Mukhanov-Sasaki equation is preserved under the change of parametrization. The calculation of the spectral index for tensor modesn T is similar to the previous calculation of the spectral index for the curvature perturbation [45] while the definition forn T is taken from [6] . Firstly, by assumingǫ 0 to be approximately constant we get the expression (47) for the conformal time. Next calculate the term z
where for the approximation we used (47) . By assumingǫ 0 to be approximately constant, we can recast (67) in the form of (48), where the parameter ν up to first order in slow-roll parameters reduces to
Under these assumptions the solution of (42) is given by (50) , from which one deduces that the the square root of the spectrum for the tensor modes at the horizon crossing k =âĤ readŝ
Now using (68) yieldsP
where b is the Euler-Mascheroni constant. The spectral indexn T is obtained by taking the logarithmic derivative of the spectrum at the horizon crossing:
A direct calculation up to second order in slow-roll parameters yieldŝ
Jordan frame
The spectral index for tensor modes in the Jordan framen T can be obtained similarly to the previous calculation carried out in the Einstein frame. First we assumeǭ 0 to be approximately constant to get the expression (58) for the conformal time. Next calculate the term z
where for the approximated equality we used (58). By assumingǭ 0 to be constant we can recast (73) in the form of (59), where the parameter ν up to first order in slow-roll parameters is given by
Under the imposed assumptions the solution of (42) is given by (50) . It follows that the square root of the spectrum for the tensor modes at the horizon crossing k =āH reads
By using (74) we can approximatē
The spectral indexn T is obtained by taking the logarithmic derivative of the spectrum at the horizon crossing:n
(77)
Let us compare the tensor indices obtained in the Einstein and Jordan frames. Using (65) in (72) we getn
Thus also the tensor spectral indices calculated in different frames up to second order in slowroll parameters coincide.
Observables via invariant potential I 2
In order to express spectral indices (55) and (72) in terms of the potential as well, we make use of the fact that in the Einstein frame the equations are formally the same as for the minimally coupled case. Hence we can rely on the results of Liddle et al [7] , where an exhaustive treatment of the relations between HSR and PSR parameters was given. Their definitions of the parameters (ǫ H , η H , ξ H ) slightly differ from ours. The correspondence is the following:
for HSR parameters. In addition, by making use of the invariant I 2 (5a), characterizing the potential V, let us define PSR in the Einstein frame analogously to [7] , i.e.
From [7] we can write out the relations betweenκ i and ǫ V , η V , ξ 2 V up to second order aŝ
Let us point out that expressions (81) are manifestly invariant and may be used as definitions in the Jordan frame as well. For the scalar spectral index in the Einstein frame, given by (55), we obtain
Analogously for the tensor spectral index, given by (72)
Previously we have shown (see equations (66) and (79)) that up to second order these expressions are invariant under the change of parametrization. Hence, in the Jordan frame also the expressions (83) and (84) hold.
Summary
We studied the slow-roll conditions for inflation in the framework of the general scalar-tensor theory of gravitation with the action functional (2) using quantities (5a)- (7), which are invariant under conformal transformation and transform as scalar functions under reparametrization of the scalar field. We introduced the Einstein and Jordan frames with invariant metricsĝ µν (8) andḡ µν (9) correspondingly. Since these frames are formally related by a conformal transformation (9), the mutual correspondence of their properties is similar to the usual relation between familiar Einstein and Jordan frames. We proposed that the measurable metric is the ordinary Jordan frame metric g µν . We emphasized the usefulness of the invariant Jordan frame (see subsubsection 2.2.2), which encodes all familiar frames upon specifying two of the four functional degrees of freedom {A, B, V, α}, including the usual Einstein and Jordan frames in their familiar form.
We defined the slow-roll parameters (23a) in the invariant Einstein frame by analogy to standard slow-roll inflation in general relativity with a minimally coupled scalar field. By defining parameters (31a), (32a)-(32b) we demonstrated how the slow-roll regime in the invariant Jordan frame can be formulated in a manner that implies slow-roll inflation in the invariant Einstein frame as well, i.e. from (34) also (25) follows. However, the slow-roll regime in the Jordan frame contains additional slow-roll parameters, and the slow-roll regime in the Einstein frame does not generally imply the slow-roll regime in the Jordan frame. This follows from the fact that by neglecting matter in the Einstein frame (α = 0) we discard α, one of the functional degrees of freedom, while in the Jordan frame we have by definition fixed α ≡ 0. We compared in detail the slow-roll parameters in both frames and noticed that in certain parametrizations the smallness of the slow-roll parameters in the Einstein frame imply the smallness of the slow-roll parameters in the Jordan frame.
Following the scheme given by Stewart and Lyth [45] , we calculated the scalar and tensor spectral indices in the Einstein ((55), (72)) and in the Jordan ((64), (78)) frame up to second order and confirmed that they coincide ((66) as well as (79)).
As an outlook it would be interesting to investigate those properties of cosmological models which seem to be frame-dependent, e.g. consider conditions for the end of inflation. Suitable examples with concrete potentials would certainly clarify and justify the formalism of invariants we presented. Another question that is not fully solved, was raised in [27] . Namely, although the observables describing spectrum are frame-independent, the scale of inflation depends on the conformal frame, and hence in the case of non-minimal coupling, distinctly from the minimally coupled theory, the measurement of the tensor amplitude would not characterize the scale of inflation completely. 
Appendices
A Invariants in different parametrizations [34] Let us define three distinct parametrizations as in [34, 35, 40, 49] .
• The Jordan frame in Brans-Dicke-Bergmann-Wagoner parametrization (JF BDBW) [21, 50] for the scalar field Ψ:
• The Jordan frame in Boisseau-Esposito-Farèse-Polarski-Starobinsky parametrization (JF BEPS) [51] for the scalar field φ:
• The Einstein frame in canonical parametrization (EF canonical) [21, 50] for the scalar field ϕ A = 1 , B = 2 , V = V(ϕ) , α = α(ϕ) .
(A.
3)
The invariants (5a)- (9) in different parametrizations are presented in table A.1.
B Slow-roll parameters in different parametrizations
B.1 General parametrization
Let us write out the slow-roll parameters (31a), (32a)-(32b) in general parametrization [35, 38, 49] .κ 
B.2 Canonical Einstein frame
In the canonical Einstein frame (A.3) the system (21a)-(21c) or equivalently (up to an overall factor) the system (17a)-(17c) reads
Here we use the notation where all quantities are defined in the Einstein frame. In that frame F = 1. The slow-roll parameters (31a), (32a)-(32b) are given bȳ Now by imposing the conditions (34) we obtain from |λ 0 | ≪ 1 that |α| ≪ H. Using the latter in the expression forκ 0 we deduce that 3φ 2 ≪ 3H 2 ≈ ℓ −2 V, which is the familiar slow-roll condition. This condition guarantees also that |Ḣ| ≪ H Thus we have obtained the familiar conditions and approximation
as in the standard slow-roll.
B.3 Jordan frame BEPS
In Jordan frame BEPS parametrization (A.2) the system (21a)-(21c) (or equivalently (17a)-(17c)) reads 
From the same assumption, by comparing the expressions forλ 1 andκ 1 , we deduce that |φ| ≪ |φ|H. This is consistent with the calculations performed in [29] .
